Abstract. The time-dependent theory of the three-step absorption of three different light pulses in the electronic four-level systems is considered using the time-dependent perturbation theory. The first, the second, and the third pulse are in resonance with transitions from level 0 to level 1, from level 1 to level 2, and from level 2 to level 3, respectively. The spectral and temporal behaviour of the probability that the fourth level is excited at the moment of time t depends on the energy relaxation constants of the excited electronic levels, the frequencies of the maxima, the spectral widths (and so the durations) of the light pulses, and the time delays between the pulses. To conclude, there are 12 parameters that affect the spectra in the simple model used. We calculate and analyse the case where the frequencies of the maxima of the first and the second pulse are fixed and the frequency of the maximum of the third pulse varies. On the whole, three lines may exist, one of which corresponds to the coherent contribution and the others do not.
INTRODUCTION
Two-step absorption of light by matter has been researched for decades [1] [2] [3] [4] [5] [6] . In this paper the timedependent theory of three-step absorption in the electronic four-level model is presented. We used timedependent perturbation theory. Using the simplest model in calculations, we analyse the temporal and spectral behaviour of the spectrum. The probability that the fourth level is excited at the moment t depends on the energy relaxation constants of the excited electronic levels, the frequencies of the maxima, the spectral widths (and so the durations) of the light pulses, and the time delays between the pulses. The phase relaxation and the phonon wings are not taken into account. The absorbed pulses are different and may have arbitrary spectral widths and arbitrary durations.
Different limit cases are studied analytically. The spectra with fixed frequencies of the maxima of the first and second pulses and with varied frequency of the maximum of the third pulse are calculated and analysed. On the whole, three lines may exist; one of these corresponds to the coherent contribution [4] and the others do not. The three-step absorption allows deeper understanding of which lines, coherent or non-coherent, appear in the absorption spectrum and of which parameters their widths depend on. The present consideration applies for impurity centres at low temperatures with weak electron-phonon coupling.
PROBABILITY OF THREE-STEP TRANSITION
The process started from ground level 0. Resonance conditions are ω 1 ≈ Ω 01 , ω 2 ≈ Ω 12 , and ω 3 ≈ Ω 23 , where Ω 01 , Ω 12 , and Ω 23 are the frequencies of the transitions 0→1, 1→2, and 2→3, and ω 1 , ω 2 , and ω 3 are the frequencies of the maxima of the pulses.
Let us find the probability that at time t the system is in the final state by applying time-dependent perturbation theory. First we find the amplitude of the probability. For general consideration we need formulas in which the initial state of the system consists of the electromagnetic field and matter is given at initial time t 0 = -∞. In this case we can use any shapes of excitation pulses of light.
The system is described by the Hamiltonian
At initial time t 0 the system is in the state
In Eq. The characteristic states and eigenvalues of these Hamiltonians are the following:
The initial state of matter
and the initial state of the electromagnetic field (three light pulses)
where
Equations (6) describe normalization conditions of three single photon wave packages with maxima at frequencies ω 1 , ω 2 , and ω 3 , respectively.
The amplitude of the probability of finding the system at time t ≥ t 0 in the state j according to the
Let us take into account that at y ≥ 0
where 
where γ j is the decay constant of the state j and the apostrophe means that the terms with the coinciding numbers of states are omitted. This formula can be used for all values of t 0 including -∞ only if the interaction is small enough.
Here we assume that the final state does not coincide the with the initial state (b j = 0), the integration variables t 1 , t 2 , …, t n are the times of the transitions of the amplitude of the probability from one characteristic state of Hamiltonian H  into the other, and the differences t -t 1 , t 1 -t 2 , … t n-1 -t n , and t n -t 0 determine time intervals during which the amplitude of the probability is in state To describe the process with the three photons the term of the third order of expansion is needed:
exp exp exp exp .
Let us introduce the single photon matrix elements
and the functions B i (t), which determine time profiles of the pulses:
In the end we get 
In Eq. (16) it is assumed that the pulses are quasi-monochromatic, i.
e. B i (t) are slowly changing functions in comparison with exp(-iω i t).
To get the probability it is necessary to average the quantity |c i (t)| 2 over the initial states and to summarize over the final states. In the conditions of thermal equilibrium   1 , e x p ,
where Z is the statistic sum, T is temperature, and ... is the mark of averaging over ensemble.
Taking the preceding into account, we get
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At the end this probability W(t) decreases to zero with the increase of time t.
MODEL
In our model the pulses are coherent and of a single-sided exponential shape. The corresponding correlation functions are 1 3 3  3  1  3  1  1 3  3  1 3  3  1   2 2 2  2  2  2  2  2 2  2  2 2  2  2   3 1 1  1  3  1  3  3 1  1  3 1  1  3 ( , ' ) ( 2 , and τ 3 are the time moments when the pulses begin to pass through the impurity centre, Δ 1 , Δ 2 , and Δ 3 are the spectral full widths at half maximum (FWHM) of the pulses.
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In the model used the rates of energy relaxation γ 1 , γ 2 , and γ 3 describe the relaxation processes of the excited levels 1, 2, and 3. In this model the phase relaxation and the phonon wings are not taken into account. Then the correlation function of the four-level system is 1 
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where C is a constant. Even in this elementary model there are 12 parameters that have an influence on the spectra.
MONOCHROMATIC LIGHT
If monochromatic light is used at all three steps of the absorption process, i.e. in Eq. (22), the FWHM spectral widths of the pulses Δ 1 = Δ 2 = Δ 3 = 0 (stationary case). Then 2  2  2  2  2  2  01  1  1  01  12  1  2  2  01  12  23  1  2  3  3 1
In Eq. (24) the first term describes the absorption of light with frequency ω 1 between the levels 0→1, the second term describes the absorption of light with frequency ω 1 + ω 2 between the levels 0 →2, and the third term describes the absorption of light with frequency ω 1 + ω 2 + ω 3 between the levels 0 →3. In the case where the frequencies ω 1 and ω 2 are fixed and the frequency ω 3 varies, only the line between the levels 0 →3 exists, which corresponds to the coherent contribution. The width of this line depends only on the rate of energy relaxation γ 3 of the final state 3. It is so only in this model. If we take into account the phase relaxation of levels 1 and 2, other two lines, which correspond to the non-coherent contribution, will appear. If the light is not monochromatic, i.e. spectral widths of the coherent pulses Δ 1 ≠ 0, Δ 2 ≠ 0, and Δ 3 ≠ 0, these other two lines will appear even though the phase relaxation is not taken into account (see Chapter 6). In [7] it is shown that the ratio of non-coherent and coherent parts, i.e. the ratio of luminescence and scattering of resonant secondary radiation (the process between levels 0→1→0, the second order of perturbation theory), is determined by the ratio of the rates of the phase relaxation and the rate of the energy relaxation of the excited level 1.
ULTRASHORT PULSES
1. The first pulse is much shorter than the relaxation time of the second level γ 1 . Then
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Equation (26) describes two-step absorption between levels 1→2→3. The initial level 1 is excited at the time moment τ 1 . In our model with correlation functions from Eqs (22) and (23) the probability is the following: 2  2  2  2  2  1  2  3  2  3   2  3  2  3  3  3  3  2  2   3  3  3  3  2  3  2   2  2  2  3  1  3   2  3  2  1  3  1 
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Here y ≡ Ω 12 -ω 2 and z ≡ Ω 23 -ω 3 .
(27)
RESULTS OF CALCULATIONS
Due to an abundance of parameters, only some characteristic spectra are presented. Hereafter τ 1 = 0, T 1 ≡ τ 2 -τ 1 , and T 2 ≡ τ 3 -τ 2 . Here we analysed the case where z ≡ Ω 23 -ω 3 is variable (the frequency of the maximum of the third pulse ω 3 varies) and x ≡ Ω 01 -ω 1 and y ≡ Ω 12 -ω 2 are fixed (the frequencies of the maxima of the first and second pulses ω 1 and ω 2 are fixed) and chosen different from zero to separate spectroscopically possible lines. The dependence of the spectrum on the parameter Δ 2 at a fixed time t is presented in Fig. 1 . We get three lines with maxima: at z = -(x + y), z = -y, and z = 0. The location of the maximum of the first line from the right at z = -(x + y) (ω 3 = Ω 01 + Ω 12 + Ω 23 -ω 1 -ω 2 ) shows that the three pulses are absorbed together so that x + y + z = 0 (ω 1 + ω 2 + ω 3 = Ω 01 + Ω 12 + Ω 23 ) without excitation of levels 1 and 2 and therefore this is the coherent contribution. The locations of the maxima of the other two lines, at z = -y (ω 3 = Ω 12 + Ω 23 -ω 2 ) and z = 0 (ω 3 = Ω 23 ), show that absorption takes place correspondingly 0→1→3 and 0→1→2→3 or 0→2→3 and therefore these are not coherent contributions. In the first case the second and the third pulse are absorbed together from level 1. With the increase of the spectral width of the second pulse Δ 2 the intensity of the line at z = 0 increases and the intensities of the other lines decrease.
In Fig. 2 time t is much longer compared with Fig. 1 . In this case the width of the line with the maximum at z = -(x + y) (corresponds to the coherent contribution) diminishes, the limit width of this line is determined by the spectral widths of the pulses Δ 1 , Δ 2 , and Δ 3 and with the energy relaxation constant γ 3 of the excited electronic level 3. From a certain time t with the increase of time t the intensity and the width of the lines decrease. In Fig. 2 curve 1 (Δ 2 = 0) is 3.2 times as large as the corresponding curve 1 in Fig. 1 . Figure 3 illustrates the dependence of the spectrum on the parameter γ 2 at different values of time t. Analysis of these three figures and the other spectra with different parameters shows that the limit width of the line with maximum at z = -y is determined by the spectral widths of the pulses Δ 2 and Δ 3 and by the energy relaxation constants γ 1 and γ 3 . The limit width of the line with maximum at z = 0 is determined by the spectral width of the pulse Δ 3 and by the energy relaxation constants γ 2 and γ 3 . Fig. 1 . Dependence of the probability W(t) on z ≡ Ω 23 -ω 3 at the fixed value of x ≡ Ω 01 -ω 1 = -15γ 3 , y ≡ Ω 12 -ω 2 = -10γ 3 for different values of Δ 2 (in γ 3 ). Δ 1 = 0.1γ 3 , Δ 3 = γ 3 , γ 1 = 5γ 3 , γ 2 = 5γ 3 , T 1 = 10 -7 γ 3 -1 , T 2 = 0.1γ 3 -1 , t = 1.1γ 3 -1 . All curves are normalized to 1. Fig. 2 . Dependence of the probability W(t) on z ≡ Ω 23 -ω 3 at the fixed value of x ≡ Ω 01 -ω 1 = -15γ 3 , y ≡ Ω 12 -ω 2 = -10γ 3 for different values of Δ 2 (in γ 3 ). Δ 1 = 0.1γ 3 , Δ 3 = γ 3 , γ 1 = 5γ 3 , γ 2 = 5γ 3 , T 1 = 10 -7 γ 3 -1 , T 2 = 0.1γ 3 -1 , t = 5.1γ 3 -1 . All curves are normalized to 1. Fig. 3 . Dependence of the probability W(t) on z ≡ Ω 23 -ω 3 at the fixed value of x ≡ Ω 01 -ω 1 = -15γ 3 , y ≡ Ω 12 -ω 2 = -10γ 3 for different values of γ 2 (in γ 3 ) and t (in γ 3 -1 ). Δ 1 = 0.1γ 3 , Δ 2 = γ 3, Δ 3 = γ 3 , γ 1 = 5γ 3 , γ 2 = 5γ 3 , T 1 = 10 -7 γ 3 -1 , T 2 = 0.1γ 3 -1 . All curves are normalized to 1. or ω 1 and ω 3 are fixed), three lines exist in the spectra. In the case where the frequency ω 2 (ω 1 and ω 3 are fixed) is variable (ω 1 and ω 3 are fixed), four lines exist in the spectra.
Analysis of the case where the frequencies ω 1 and ω 2 are fixed and the frequency of the maximum of the third pulse ω 3 varies, shows that the widths of three possible lines depend on different parameters. The limit width of the line with the maximum at ω 3 = Ω 01 + Ω 12 + Ω 23 -ω 1 -ω 2 is determined by the spectral widths of the pulses Δ 1 , Δ 2 , and Δ 3 and by the energy relaxation constant γ 3 (the coherent contribution), the limit width of the second line with the maximum at ω 3 = Ω 12 + Ω 23 -ω 2 is determined by the spectral widths of the pulses Δ 2 and Δ 3 and by the energy relaxation constants γ 1 and γ 3 , and the limit width of the third line with the maximum at ω 3 = Ω 23 is determined by the spectral width of the pulse Δ 3 and by the energy relaxation constants γ 2 and γ 3 .
